In tandem hot strip rolling mills, different friction between the rolls and the strip material on the upper and lower strip surface can occur due to asymmetric surface temperatures or different conditions of oil lubrication. To capture these effects, this paper presents a hydrodynamic roll gap model with asymmetric friction. Based on similarities between the rolled material and viscous fluids, fluid mechanics theory is used to derive this model. Due to the nature of this model, the influence of the rolling speed is inherently taken into account, which allows an accurate prediction of the rolling force and the forward slip. As an analytic solution for the hydrodynamic roll gap model is available, it is well suited for online applications in rolling plants. For validation of the proposed model, an experiment with asymmetric work roll roughness was performed. A specimen of steel strip with copper pins inserted was repeatedly rolled to visualize the material flow inside the roll gap for multiple passes. The resulting deformed copper pins were cut out of the strip and show good agreement with the deformation profiles calculated by the developed model.
decades. Modern model-based control concepts can make an essential contribution to meet this demand by improving the overall performance of the control loops in the rolling plant. As a result, the requirements for the mathematical models of the hot strip finishing mill also increase. In particular, the roll gap model is very important because an accurate prediction of the roll force or the forward slip is required for several applications, e.g., process planning, calculation and adjustment of nominal operating points, observers for non-measurable quantities, and advanced model-based control concepts (see, e.g., [1, 2] ). In order to improve the prediction accuracy, it is essential to correctly capture the influence of various process parameters, such as rolling speed or friction between work rolls and material. Especially friction is of great interest as lubrication is often used in tandem rolling to reduce the rolling force, energy consumption, roll wear, and to increase the strip surface quality.
Due to its use in observers and control loops, the roll gap model has to fulfill certain constraints regarding the maximum allowed computation time, which may limit the achieved accuracy. Thus, tailored models with the right balance between model complexity and the required computational time have to be designed.
In the literature, three main methods for modeling the roll gap can be found: the slab method, the upper bound method, and the finite element method (see, e.g., [3] [4] [5] ).
The slab method is based on the early work of von Kármán [6] and Siebel [7] . The basic differential equations were deduced by calculating an equilibrium of forces acting on a vertical slab inside the roll gap under the assumption of homogeneous compression. It is further assumed that the vertical slab remains straight during the forming process, i.e., a vertically compressed slab is only displaced in rolling direction. Later, Orowan [8] extended this theory by considering an inhomogeneous stress field and non-uniform friction states at the surface. The major drawback of this theory is that an analytic solution is not available. This is why Sims [9] made further approximations to obtain an analytic solution. Sims' roll gap model achieves a moderately accurate prediction of the roll force and entails only low computational costs. Therefore, this model is the most commonly used roll gap model in industry. A disadvantage of Sims' model is that sticking friction is assumed over the entire arc of contact. Hence, the model cannot capture varying friction conditions or lubrication effects. Various formulations of the slab method were published that incorporate also the influence of friction (see, e.g., [10] [11] [12] [13] ). However, hardly, any attempt has been made to extend the slab method for asymmetric friction conditions (see, e.g., [14] ).
The slab method has some significant drawbacks. First, the fundamental assumption of the vertical slab to maintain its rectangular shape during the whole deformation process is clearly invalid. Furthermore, the slab theory only provides a prediction of the roll force without incorporating the influence of the rolling speed, which becomes more and more important due to increasing production speeds. Consequently, the influence of the rolling speed has to be taken into account via semi-empirical material models (see, e.g., [15] ) and an additional model is required to obtain the exit velocity of the steel strip.
The upper bound method is based on the extremum principles of plasticity (see [16] [17] [18] [19] ). In this method, a kinematically admissible velocity field is assumed for the deformation region and the associated dissipation energy is computed and minimized. The crucial and difficult point of this method is the choice of a kinematically admissible velocity field. In the literature, several different formulations of the velocity field in the roll gap exist (see, e.g., [20] [21] [22] ). In addition to the difficulty of finding an appropriate kinematically admissible velocity field, a drawback of this method is that the predicted roll force is only an upper bound for the true value.
The most accurate prediction of the roll force can be achieved by the finite element method but at the cost of high computational effort. Over the years, many different formulations regarding material behavior and boundary conditions in the roll gap have been published (see, e.g., [3, 23, 24] ). In [25] , an attempt has been made to develop a finite element model that is suitable for online applications. However, the required computation time is still too high when considering modern tandem rolling mills with a strip speed above 20 ms −1 . The finite element method is therefore not (yet) suitable for online applications. In addition to the three already mentioned methods, several other theories exist (see, e.g., [26, 27] ). One of the most promising is the hydrodynamic roll gap model. It was first proposed by Kneschke [28] and has recently received more attention (see, e.g., [29, 30] ). Due to similarities of the material behavior of rolled products and viscous fluids, fluid mechanics theory is used to describe the deformation process. These similarities were confirmed by experiments in [31] . The capability of more accurate roll force prediction compared to Sims' model is discussed in [29, 31] .
The main advantages of the hydrodynamic roll gap model are that varying friction and asymmetric rolling conditions can be described (see [32] ). Despite the consideration of these process conditions, an analytic solution of the model is still available, which makes this theory well suited for online applications.
The hydrodynamic material model has already been successfully used in industry, e.g., as forward slip model in heavy plate rolling [33, 34] or in other metal forming processes like wire drawing [35] .
In tandem rolling mills, asymmetric friction often occurs. Typical reasons for this undesirable effect are different surface temperatures or unequal conditions of oil lubrication on the upper and lower side of the strip. The current paper extends the hydrodynamic roll gap theory to capture also asymmetric friction conditions. The paper is organized as follows. In Section 2, the hydrodynamic roll gap model with asymmetric friction conditions and its analytic solution are derived. In Section 3, an experimental validation of the derived model is presented. An experimental rolling mill with different roughness at the upper and lower work roll surface was used to roll a steel strip with copper pins inserted. These copper pins were used to measure and visualize the deformation caused by the velocity field inside the roll gap.
Mathematical model

Roll gap geometry
As shown in Fig. 1 , the strip thickness is reduced from the entry thickness h en to the exit thickness h ex while moving through the rolling mill. The elastic work roll deformation 
for the effective work roll radius. Here, r wr denotes the nominal work roll radius, P roll the roll force per unit width, E the Young's modulus of the work roll material, and ν Poisson's ratio of the work roll material, see [36] . The total reduction of the strip thickness is defined as h = h en − h ex . Let α be the angular coordinate that is 0 at the exit port of the roll gap and α d at its entry port. Then, the strip thickness inside the roll gap can be written in the form
We assume small bite angles α d , so that sin(α) ≈ α and cos(α) ≈ 1− α 2 2 holds. Using these approximations together with the relation x = R wr sin(α) simplifies (2) to the form
For the length of the arc of contact, we therefore obtain
To incorporate the continuity equation, it is assumed for every vertical section in the roll gap that the volume flow rate for unit strip width is given in the form
Here, v x is the material velocity in rolling direction, U is the circumferential speed of the work roll, and h n is the strip thickness at the neutral plane, which will be defined later in this work. Please note that v x < 0 due to the assumption of the material flow in opposite direction of the x-coordinate. In Eq. 5, we assumed zero spread of the strip width b, i.e., a plane strain deformation regime in the x-y plane. Typically, this assumption is well satisfied for b > 10h en (see [5, 9] ).
Hydrodynamic theory
The hydrodynamic roll gap model with symmetric friction was first suggested by Kneschke [28, 32, 37] . This work forms the basis for the following model derivation.
The hydrodynamic rolling theory is based on the assumption of an incompressible viscoplastic material. When the equivalent stress in the deformation zone reaches the yield stress k f m , the Navier-Stokes equation can be used to describe the material flow in the roll gap. Consequently, the total roll force consists of a static part required to reach the yield stress and a dynamic part resulting from the viscous shear stress in the material. In [31, [38] [39] [40] , the validity of this separation was discussed and experimentally demonstrated.
The Navier-Stokes momentum equation for an incompressible fluid and a general point (x, y) can be written in the form
where v is the velocity field, p roll is the hydrodynamic pressure, f are the body forces, ρ is the material density, and η the dynamic viscosity. For the sake of readability, we omit the arguments x, y, and t throughout this paper. Based on the conditions in the roll gap and to facilitate an analytic solution of Eq. 6, some simplifications are made. First, a quasi-stationary state is considered, which implies ∂v ∂t = 0. Because the values of the body forces f (usually just gravity) and the convective acceleration v · ∇v are much smaller than the other terms, f and ρv ·∇v are neglected too. It is further assumed that the bite angle α d is small, which permits to approximate the arc of contact as slightly inclined plane surfaces and a similar ansatz as for plane-parallel plates can be used (see [37] ). Thus, we neglect the velocity v y in vertical direction and we assume that the remaining component v x only marginally changes with respect to x. Using the first assumption, Eq. 6 directly yields ∂p roll ∂y = 0, meaning that the pressure p roll is independent of y. The second assumption implies that
∂y 2 holds inside the roll gap. Summarizing, Eq. 6 simplifies to the ordinary differential equation
which is henceforth used to describe the viscous material flow in the roll gap. Assuming a material behavior like a Newtonian fluid, the shear stress follows in the form
Boundary conditions
To derive the boundary conditions for Eq. 7, the shear stress at the contact surface between the work roll and the steel strip is used. It directly follows from evaluating (8) at y = ± h 2 . Considering the differential speed between the work rolls and the material, viscous friction is assumed at the arc of contact [32] . Therefore, the boundary condition for v x follows in the form
for the upper and lower arc of contact, respectively, with h from Eq. 3. In this work, separate friction coefficients ε u ≥ 0 and ε l ≥ 0 are introduced in order to account for different friction at the upper and lower arc of contact. Possible causes for this asymmetric friction are different amounts of lubricant or cooling water that enter the contact area, different surface temperatures of the strip or different roughness values of the work rolls. For ε = 0, the material velocity at the surface equals the circumferential speed of the work roll. This case represents a state of sticking friction. For ε > 0, slipping friction is present. Hence, by virtue of the parameter ε, the model is capable of describing two different frictional states. Since the friction coefficient ε as introduced in Eq. 9 has the dimension of length, alternatively, the dimensionless friction coefficients
can be used (see [32] ). In general, different circumferential speeds for the upper and lower work roll can be taken into account in Eq. 9. Here, however, we only consider the application in a tandem rolling mill where symmetric work roll speeds are commonly used.
The next boundary condition can be formulated by considering strip tension at the entry and exit interface of the roll gap. These distributed forces directly correspond to the hydrodynamic pressure. Thus, the boundary condition for the pressure can be written in the form
with the strip tension p en and p ex at the entry and exit side, respectively. Summarizing, the material deformation inside the roll gap is described by the simplified Navier-Stokes equation from Eq. 7 with the boundary conditions in Eqs. 9 and 11 for the velocity and the hydrodynamic pressure.
Solution of the PDE
The velocity field follows from integrating (7) along the direction y and inserting the boundary conditions (9) . Thus, we obtain
Equation 12 shows that the velocity field v x has a parabolic shape in vertical direction y. In case of equal values of the upper and lower friction coefficients, i.e., ε u = ε l , the velocity field is symmetric with respect to the line y = 0. Figure 2 shows typical velocity fields in case of symmetric (ε u = ε l ) and asymmetric (ε u > ε l ) friction conditions for the entry, neutral, and exit plane. Insertion of Eq. 12 into the continuity equation (5) gives the differential equation of the hydrodynamic pressure dp
Integration of this relation along x and inserting the boundary condition (11a) yields the pressure distribution
with the abbreviations
and χ = ε 2 u − ε u ε l + ε 2 l . Note that φ ·,· depends on ε u and ε l whereas ψ · depends on ε u , ε l , and x.
Insertion of (14a) into the boundary condition (11b) yields
. (15) Using Eq. 3, the position of the neutral plane x n can easily be determined with h n from Eq. 15. The first term in Eq. 15 gives the position of the neutral plane when no strip tension is present and the second term describes its displacement due to the strip tension on the entry and exit side. Considering (13) , the neutral plane is characterizing the position of the maximum value of the hydrodynamic pressure. Furthermore, the material velocity at the neutral plane equals the work roll circumferential speed and is uniformly distributed in vertical direction, i.e., v x (x n , y) = −U .
Finally, insertion of Eqs. 15 and 13 into Eqs. 12 and 14a gives the complete solution of the velocity field and the hydrodynamic pressure in the roll gap. Besides the hydrodynamic pressure acting along the normal direction of the strip-roll contact surface, the tangential shear stress τ is required to fully describe the force interaction between the work roll and the material. The relation for the shear stress follows from applying (12) with y = ± h 2 to Eq. 8 and reads as
Rolling force
The total rolling force P roll = P st + P dyn is the sum of two parts, namely the static part P st to reach the yielding state of the material and the dynamic part P dyn associated with the hydrodynamic forces at the arc of contact. In this work, all forces are normalized for unit strip width. The static force P st is assumed as uniaxial force in vertical direction. In order to reach the yielding state of the material, the resulting uniformly distributed normal stress is required to be equal to the yield stress k f m . Hence, the static part of the roll force calculates as
The dynamic part takes into account the hydrodynamic pressure and the shear stress (see Eqs. 14a and 16, respectively). The resulting forces at the work roll surface are depicted in Fig. 3 . By using the free-body principle the force in radial direction reads as p = p roll R wr dα and the tangential force follows in the form q = −τ x, ± h 2 R wr dα. Hence, the vertical component of the dynamic part is given by
In [37] , Kneschke uses the approximations sin(α) ≈ α and cos(α) ≈ 1 − α 2 2 for the trigonometric functions in Eq. 18. In [32] , however, Kneschke and Bandemer even use the approximations cos(α) = 1 and sin(α) = 0. This implies that the contribution of the shear stress is completely omitted and the dynamic part of the rolling force is computed in the form
Remark 1 In a tandem finishing mill, the strip material is subject to significantly varying temperatures, strains, and rolling speeds. It is well known that these changing conditions are causing variations of the material parameters. The material might even undergo warm deformation regions where, e.g., strain hardening, dynamic recovery or recrystallization may occur. To incorporate these effects in the hydrodynamic roll gap model, the material parameters k f m and η can be described using tailored material models similar to the commonly used flow curve functions (see, e.g., [15] ). These material models can describe the evolution of the material parameters from the first to the last mill stands. Compared to flow curve functions for slabmethod-based roll gap models, the material models for the hydrodynamic roll gap model only require a reduced set of influencing variables because the hydrodynamic model already captures the influence of the rolling speed. Local changes of the material parameters within the roll gap, e.g., caused by, through-thickness temperature gradients, result in a more complex PDE and the analytic solvability is likely to be lost. However, the practically most important output of this roll gap model is the roll force, which is an integral quantity and thus less sensitive to locally changing parameters. Therefore, it is reasonable to use effective (mean) values of the material parameters. The hydrodynamic roll gap model was already used together with semi-empirical material models for effective material parameters in [41] , where a significantly higher prediction accuracy for the roll force was achieved compared to Sims' model.
The calculation of the material parameters using material models as well as the calculation of their effective (averaged) values requires the strip temperature (and its through-thickness distribution) as an input. For application in a rolling plant, this temperature input can be provided by using temperature measurements, models, or observers (see, e.g., [42] [43] [44] ).
Deformation profile
Consider that a material particle of the strip travels along the path x = ζ x (t) and y = ζ y (t) and let x 0 = ζ x (0) and y 0 = ζ y (0) be its initial position. Then, ζ x (t) and ζ y (t) can be computed by integration of the initial value problem
with ζ x (0) = x 0 and ζ y (0) = y 0 . However, because v y is not explicitly computed in the considered roll gap model, the reasonable assumption
is made for the respective path. Hence, Eq. 20 simplifies to the form
After inserting (12) , this equation can be integrated using any solver for initial value problems.
To obtain the required deformation profile, multiple paths ζ x,i (t), i = 1, . . . , N with different initial vertical positions y 0,i equally distributed over the strip height are calculated. The deformation profile at the time t > 0 is then written in the form
Furthermore, the initial displacements x 0,i can be set accordingly for each path ζ x,i (t) in order to incorporate an initial deformation from a previous roll pass. , y) at the exit and entry port of the roll gap, respectively, are not captured by the hydrodynamic roll gap model. This is acceptable because the primary purpose of the hydrodynamic roll gap model is the computation of the roll force. It is plausible that this roll force is not significantly influenced by the velocity profile in the strip outside the roll gap.
However, the unknown velocity profiles near the roll gap would be required to accurately compute the total plastic material displacement inside the strip while it is deformed. Normally, the total material displacement is not of interest but in this paper, it will be required for validating the modelbased on copper pins inserted into and rolled with the strip (see Section 3). The shape of these pins after rolling is compared to the computed shape (total displacement) of an originally straight material line oriented along the transverse strip direction. For this computation, the (unknown) velocity profiles outside the roll gap are neglected. The error entailed by this approximation is assumed small because the neglected non-uniformities of the material velocities outside the roll gap are almost symmetrical at the entry and exit of the roll gap and thus their effects on the total material displacement neutralize each other.
Experimental validation
For validation of the proposed model, an experiment that visualizes the material deformation inside the roll gap was carried out. First, some details of the performed experiment are given in this section. Then, calculation results from the hydrodynamic model are compared to the deformation profiles obtained from the experiment.
Experimental setup
The experiment was conducted on a laboratory rolling mill of voestalpine Stahl GmbH. The facility consists of a heating furnace, a single-stand reversing rolling mill, and a roller table. The work rolls are conventional ICDP (indefinite chill double pour) rolls which are also used in the finishing mill of voestalpine. The rolls have a nominal radius r wr = 0.31 m, the Young's modulus E = 175 kN mm −2 , and the Poisson's ratio ν = 0.3.
The goal of this experiment is to visualize the material flow inside the roll gap. A copper pin is inserted into the steel strip (steel grade S355J2G3/1.0570) in vertical direction and after a roll pass the strip is cut in longitudinal direction through the middle of the pin. This cut reveals the deformed copper pin, which is then graphically analyzed. To minimize the impact of different deformation resistances between the strip material and the copper pin, the pin diameter should be small compared to the entry strip thickness h en .
In order to examine the deformation of consecutive roll passes, which for instance occur in tandem rolling mills, additional copper pins are inserted with a total count equal to the number of roll passes. After each roll pass one of these pins is removed, giving the total deformation due to all previous passes. Furthermore, a new pin is inserted before each roll pass and removed again immediately after this pass. This procedure gives the incremental deformation caused by the respective pass. As the removal and the insertion of copper pins is only possible at lower temperatures, the specimen is cooled down and reheated between every roll pass. This allows a sequence of decreasing rolling temperatures as it would occur during consecutive rolling passes on a tandem or reversing rolling mill. Furthermore, the reheating of the steel strip after each roll pass and the close distance between the mill stand and the furnace guarantees an almost homogeneous temperature along the strip thickness. Before entering the mill stand, the strip surface temperature is measured by using a pyrometer.
Results
The experiment was carried out with a total number of n = 7 roll passes, which are specified in Table 1 . Measured values are shown in the upper part of the table, whereas the values in the lower part were calculated. The given rolling schedule was deduced from an actual rolling schedule of an industrial tandem finishing mill. Similar to the industrial scenario, the relative thickness reduction δ h = h en −h ex h en and the temperature ϑ were decreased and the circumferential speed U of the work rolls was increased with every consecutive pass. The measured roll force P m is in good accordance with the roll force P roll which was calculated using Eqs. 17 and 19. The effective work roll radius R wr was calculated using the measured roll force. Figure 4 shows the corresponding incremental and total deformation of the inserted copper pins after the passes 2, 5, and 7. Figure 5 shows the cross section of copper pins after the second rolling pass. In this figure, three reference points of each copper pin are highlighted to indicate the asymmetry of the deformation. In fact, the line connecting the end points of the copper pins is inclined by 3.1 • and 9.7 • for the incremental and absolute deformation, respectively. This asymmetry can be attributed to different roughness values of the upper and lower work roll surface present in this experiment.
For the following calculations of the deformation profiles according to the hydrodynamic roll gap model, the initial value problem from Eq. 22a was solved using the MATLAB Runge-Kutta solver ode45. The quantities ν, E, and r wr represent nominal parameters of the model and are assumed to be known. For the model inputs U , h en , h ex , and P m the measured values from Table 1 were used. The only unknown parameters of the model are the friction coefficients γ u and γ l (see Eq. 10) and the material parameters k f m and η. Due to the absence of strip tension in this experiment, the calculation of the velocity field, and thus also of the deformation profile, is independent of the material parameters. For the friction coefficients, the values γ u = 0.8 (slipping friction) and γ l = 0 (sticking friction) were identified for the whole experiment. This result qualitatively coincides with the roughness values of the work roll surface, as the lower work roll had a higher roughness compared to the upper work roll. Figure 6 shows the velocity field and the resulting deformation profile calculated for the first roll pass. At the entry port of the roll gap, the near-surface region of the strip material moves faster than the material in the core. consequently, an initially straight vertical material line is bent in the course of the deformation in the roll gap. The maximum horizontal deflection of this line is reached at the neutral plane. From the neutral plane to the exit port of the roll gap, the material velocity in the core of the strip exceeds that in the near-surface region and the horizontal deflection of the considered material line reduces. Figure 7 shows a detailed view of the deformation profile with a picture of the deformed copper pin in the background. The calculated deformation profile is in good agreement with the experiment.
The results after the second roll pass are shown in Fig. 8 . It includes the velocity field v x (x, y) and both the relative and the absolute deformation profile d rel (t) and d abs (t) according to Eq. 23, respectively. The velocity field is similar to the first pass but the absolute velocities are higher due to an increased rolling speed. The reduction rate for the second roll pass is lower than for the first pass. This is the main reason for a smaller horizontal deflection of initially straight material lines than for the first pass. Based on the continuity equation, the absolute deformation profile after the roll pass k can be calculated in the form
using the absolute deformation d abs,k−1 after the previous pass.
A detailed view of the calculated deformation profiles with the corresponding copper pins in the background is shown in Fig. 9 . The profiles are again in good accordance with the experiment. Only near the lower surface of the strip a small deviation occurs.
With an increased number of roll passes, the front and back edges of the copper pins measuring the total deformation loose their parallelism, i.e., the pin diameter varies along the strip thickness. This problem arises due to the lower deformation resistance of copper, which also causes an outflow of copper at the top and bottom of the strip. Therefore, the mean of the front and back edge, i.e., the centerline, of the copper pin was used for further comparison with the calculated deformation profiles. To detect these edges in the bitmaps, a color segmentation algorithm was first used to create a binary image of the copper pin, then a Sobel filter was used for edge detection. Afterwards, a polynomial of degree 8 was fitted into the filtered bitmap to obtain a smooth representation of the two edges. Based on these two polynomials, the centerline of the copper pin was calculated.
The results after the roll passes 3 to 6 are also in good accordance with the experiment and the calculated velocity fields are similar to those shown in Figs. 6 and 8. Therefore, Fig. 8 Velocity field, incremental and absolute deformation after the second roll pass calculated with friction coefficients γ u = 0.8 and γ l = 0 this section is concluded with the results for the absolute deformation after seven roll passes. Clearly, this calculated deformation profile contains the accumulated errors of all previously calculated roll passes. In Fig. 10 , the detected front, back, and mean edge of the coper pin after seven roll passes are shown together with the calculated deformation profile. The maximum horizontal deflection of the mean edge is 32.14 mm. The error between the calculated and the measured mean deformation profile is also shown in Fig. 10 . The maximum model error is 3 mm and is located at the bottom surface of the strip. In this region, the biggest edge uncertainty in the picture occurred due to the previously mentioned outflow of copper. Neglecting this near-surface region, the maximum model error is 2.22 mm, which gives an accumulated relative error of 6.91 % after seven passes. A comparison with the deviation between the identified front and back edge, which is also given in Fig. 10 , shows that the model error is in the same range. The asymmetry caused by different friction at the upper and lower contact surface is also captured by the model with good accuracy.
Summary and outlook
In this paper, a hydrodynamic roll gap model with separate friction coefficients for the upper and lower strip-roll contact surface was proposed. As the model can be analytically solved, it is well suited for online applications in strip rolling. The field of application for this model ranges from identification or monitoring of current friction conditions to the design of model-based controllers. In particular the online identification of varying friction coefficients combined with feedforward control for the mill adjustment could be an interesting application. In addition to the consideration of asymmetric friction, an advantage of this model is that the influence of the rolling speed on the roll force is systematically taken into account.
For validation of the proposed hydrodynamic roll gap model, a rolling experiment was carried out. To establish asymmetric rolling conditions, upper and lower work rolls with different roughness values were used. A steel strip with copper pins inserted was rolled to visualize the material deformation in the roll gap. The deformation profiles calculated by the asymmetric hydrodynamic roll gap model are in good agreement with the deformation of the copper pins. The maximum accumulated profile error after seven roll passes is 6.91%.
